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Abstract 

We study deformations of the A-model in the presence of fluxes, by which we mean rank-three 
tensors with antisymmetrized upper/lower indices, using the AKSZ construction. There are two natural 
deformations of the A-model in the AKSZ language: 1) the Zucchini model, which can be defined on a 
generalized complex manifold and reduces to the A-model when the generalized complex structure comes 
from a symplectic structure, and 2) a topological membrane model, which naturally accommodates fluxes, 
and reduces to the Zucchini model on the boundary of the membrane when the fluxes are turned off. We 
show that the fluxes are related to deformations of the Courant bracket which generalize the twist by a 
closed 3-from H, in the sense that satisfying the AKSZ master equation implies precisely the integrability 
conditions for an almost generalized complex structure with respect to the deformed Courant bracket. In 
addition, the master equation imposes conditions on the fluxes that generalize dH = 0. The membrane 
model can be defined on a large class of U{m)- and U{m) x I7(m)-structure manifolds relevant for string 
theory, including geometries inspired by (1, 1) supersymmetric cr-models with additional supersymmetries 
due to almost complex (but not necessarily complex) structures in the target space. In addition we show 
that the model can be defined on three particular half-flat manifolds related to the Iwasawa manifold. 

When only the closed 3-form flux is turned on it is possible to obtain a topological string model, which 
we do for the case of a Calabi-Yau. We argue that deformations from the standard A-model are due to 
the choice of gauge flxing fermion, rather than a flux deformation of the AKSZ action. The particularly 
interesting cases arise when the fermion depends on auxiliary fields, the simplest possibility being due 
to the (2, 0) + (0, 2) component of a non-trivial 6-field. The model is generically no longer evaluated 
on holomorphic maps and defines new topological invariants. Deformations due to iif-flux can be more 
radical, completely preventing auxiliary fields from being integrated out. 



1 Introduction 



In this paper we study deformations of the topological A-model [1] by rank-three tensors with anti-symmetrized 
upper/lower indices, Hijk, Pjk^ \ ^^'^ R^^'^, which we refer to as fluxes. Our approach makes use of the 
AKSZ construction, originally introduced in [2] by Alexandrov, Kontsevich, Schwarz, and Zoboronsky, which 
is a very general framework that enables a geometric construction of topological models by making use of 
the Batalin-Vilkovisky (BV) formalism [3,4]. Because the construction involves standard gauge fixing tech- 
niques, it is conceptually very different to the 'twisting' procedure, where one obtains a topological theory 
starting from a (2, 2) supersymmetric a-model, but the BRST operator has no interpretation as originating 
from some underlying gauge theory. In the AKSZ construction deformations from the A-model are natu- 
rally introduced in two stages. First we consider the standard A-model action, and deform the symplectic 
structure to some generalized complex structure [5]. In this step one is essentially concerned with the Zuc- 
chini model [6] on a generalized complex manifold|l| In the second stage we consider an AKSZ action of a 
topological membrane with a boundary, which naturally incorporates the fluxes and reduces to the Zucchini 
model on the boundary when these are turned off. When the fluxes are turned on the membrane Lagrangian 
is no longer a total derivative, so the theory is genuinely three dimensional. Topological membrane models 
correspond to Courant algebroids [8], and have been studied extensively in the mathematics [9-13] and the 
physics literature [14-18]. 

In order to define a topological model the BV master equation must be satisfied, which implies constraints 
on the target space geometry. Without fluxes the master equation is satisfied for a generalized complex 
geometry. When the fluxes are turned on we show that the generalization can be understood in terms of 
the integrability conditions for an almost generalized complex structure with respect to a deformation of the 
standard Courant bracket by the H-, /-, Q- and i?- fluxes (when only the iJ-flux is turned on this is the 
standard if- twisted bracket studied in [5]). More precisely, there are two groups of equations that arise from 
the master equation. The first group is satisfied if the integrability conditions with respect to the deformed 
bracket are, and the second group contains Bianchi identity type relations which generalize the condition 
dH = 0. The latter condition arises by requiring the ii-twisted bracket to be a Courant algebroid bracket, 
but the differential conditions on the /-, Q-, and i?-fluxes can not be understood in an analogous manner. 

The BV master equation can be satisfied for a large class of almost generalized complex manifolds with 
flux, some of which are relevant for string theory. We study the topological membrane on almost complex 
C/(m)-structure geometries related to (2, l)-supersymmetric cr-models, for which the torsion is obtained by 
raising an index of a closed 3-form H. One can also consider U{m) geometries for which the torsion is not 
totally antisymmetric. Either way, it is the /-flux, given by the torsion tensor, that needs to be turned on 
in the topological model, and the Bianchi identity type condition can be written as ^l^^^j = 0, where i?*^-^) 
is the torsionful Riemann tensor. This is automatically satisfied for the cr-model geometries, but provides a 
constraint when the torsion is not totally antisymmetric, which we show is satisfied for three explicit examples 
of half-flat manifolds. Furthermore, we discuss a class of geometries related to (2, 2) supersymmetric cr- 
models. These have U{m) x U{m) structure, and are characterized by two almost complex structures, one 
of which is integrable and the other not. The fluxes that need to be turned on in the topological model 
are H, /, and R, where / and R are obtained by raising the indices of H. The cr-model geometries are 
expected to contain solutions of the string theory equations of motion to lowest order in a' [19], in a warped 
compactification to fiat spacetime, while half-flat manifolds arise as mirrors of Calabi-Yau three-folds with 
electric NS 3-form fiux [20]. In relation to type II compactifications to four dimensions, we argue that the 
SU{3) cr-model geometries should break all spacetime supersymmetry, and the SU{3) x SU{3) geometries 
leave = 1 supersymmetry intact. 

To fully specify the topological theory one must impose a gauge fixing prescription, and this step is in 
general very intricate. We analyze the gauge fixing only in the context of two-dimensional models with H- 
flux, by exploiting the fact that in this case it is possible to obtain a string model from the membrane model. 
This is because one can always perform an appropriate 6-transform in the membrane model, with db oc H, in 
order to obtain an action that is a total derivative and reduces to a string model on the boundary. We study 

^The Zucchini model can also be defined on more general "Poisson-quasi-Nijenhuis" geometries [7], but we do not consider 
such geometries in this paper. 
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a Calabi-Yau manifold with 3-form flux in this setting. Gauge fixing follows directly from the standard 
A-model, and we argue that deformations from the A-model actually occur at the level of gauge fixing. 
This seems to contradict the formal proofs in BV quantization which show an anomaly free theory to be 
invariant under deformations of the gauge fixing fermion. However, these proofs don't take into account 
non-perturbative effects, which are central for topological theories. Non-trivial deformations of the A-model 
can occur when the gauge fixing fermion depends on iJ-flux or the (2, 0) + (0, 2) component of a non-trivial 
&-field. In general this means that the model is no longer evaluated on holomorphic maps, and describes 
new topological invariants. The 6-field case is the simplest, and we study it in detail. Deformations due to 
ff-fiux can have a more dramatic impact, preventing fields which are auxiliary in the AKSZ construction of 
the standard A-model from being integrated out. 

The outline of the paper is as follows. In Sections [2] and [3] we give brief reviews of generalized complex 
geometry and the BV procedure. The deformed Courant bracket is introduced in Section [2 and the inte- 
grability conditions for an almost generalized complex structure with respect to this bracket are given in 
Appendix [B] The AKSZ construction is reviewed in Section [51 with particular emphasis on the A-model and 
the Zucchini model. In Subsection 14.11 we demonstrate the invariance of the A-model under 6-transforms 
(with db = 0, unlike in the context of a Calabi-Yau with flux above), showing that the effect of a 6-transform 
can be undone by an appropriate choice of a gauge fixing fermion, but only once the auxiliary fields have 
been integrated out. In Section [6] we study topological membrane models on [/(to)- and [/(to) x U{m)- 
structure manifolds with almost complex structures, and in Section [7] we study topological string models on 
Calabi-Yau manifolds with 3-form flux. Some concluding remarks are given in Section [51 



2 Generalized Complex Geometry 

An almost generalized complex structure [5] on a manifold M is an an endomorphism of the sum of the 
tangent and cotangent bundles TM ®T*AA which satisfies = — 1, and is compatible with the canonical 
metric g on TM ® T*M: 

' 1 



This generalizes the concept of an almost complex structure /, which is an endomorphism of TAA that 
squares to —1. Writing J in componentfH, 

^=ii ^ (2-2) 



^ L K ^ 

the compatibility with respect to Q reads 

+ K^^ = , L,j + Lj, = and P'^ + F^' = , (2.3) 
and J'^ = — 1 is equivalent to 

j\j\ + P'''L,p = -8'; , j(f = ^-Lfc), - . (2.4) 
Using an almost complex structure one can define the operators 

p±:=i(l±z/) (2.5) 

that project onto holomorphic and antiholomorphic subspaces of TJ\A ® C. If these are involutive with 
respect to the Lie bracket the almost complex structure is integrable. The natural generalization of the Lie 
bracket for TM ®T*M is the Courant bracket, 

[X + T^,Y + u]c - [X, Y]+Cxi^- CyV - \d{ixv - iyv) , (2.6) 



^We roughly follow the component notation of [21] 
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where X,Y are sections of TA4 and r],!^ sections of T*7W. An almost generalized complex structure is 
actually generalized complex if the eigenbundles I and I* of (T © T*) (g) C defined by the projectors 



n±:=i(l±ij) (2.7) 
are involutive with respect to the Courant bracket: 

n^[n±(x + r7),n±(y + i.)]c -0 . (2.8) 

One can show that / and /* are maximal isotropic subbundles of (TA^ © T*A4) (g) C, and are indeed dual 
spaces, as the notation indicates. The integrability of an almost generalized complex structure with respect 
to the Courant bracket implies that one can work in a chart which is a product of the standard complex 
space and the standard symplectic spaceH 

Complex and symplectic geometries are special cases of the integrable generalized complex structures 

Jcpx = ( Q ) and j;y,n - ( I Q '^"^ ) , (2.9) 

where w is a symplectic form. Kahler manifolds hold both of these structures, in which case lo is the Kahler 
form. A less trivial example is that of hyper-Kahler geometry, characterized by a pair of covariantly constant 
complex structures /(±), from which the two generalized complex structures 



^^^^^^ Vi,±^f-v- -ii}i,Tir-d 

can be constructed. 

The structure group of TAi © T*A4 that preserves Q is 0{d,d), where d is the dimension of A4. The 
subgroup of 0{d,d) that leaves the Courant bracket invariant is given by diffeomorphisms and 6-transform, 
the latter being skew 0{d, d) transformation that act as 

e''{X + Tj)=X + T] + ixb , (2.11) 

for some closed 2-form b. Under a 6-transform by a 6 field that is not closed, but obeys 3db = H, the Courant 
bracket is deformed to the H- twisted Courant bracket: 



[X + 7^,Y + ,^]h = [X + 7j,Y + u]c + ixiyH . (2.12) 

It turns out that the interpretation of the integrability conditions with respect to [, are the same as for the 
standard Courant bracket, the crucial property in the derivation being that 6-transforms don't change the 
type of the generalized complex structure - type being the dimension of the complex subspace. Bi-Hermitian 
geometry [5, 23-30] is characterized by J{±) integrable with respect to [, ]h, while a generalization of Kahler 
geometry with torsion [31,32] is characterized by Jc-p^ and Jsym integrable with respect to [,]h- We will 
give more details about both of these geometries in Section [HI 

The +j eigenbundle / has the structure of a Lie algebroid [5,33]. A Lie algebroid L is a vector bundle on 
M together with a Lie bracket [•, •] that acts on sections of L, and an anchor map a : C°°{L) — > C°°{TM) 
that satisfies: 



a{[X,Y]) = [a{X),a{Y)] (2.13) 
[XJY] ^ }[X,Y] + {a{X)f)Y VX, F e C°°{L)J e C°°{M) . 

There is a natural exterior derivative c?l : C°°(A'^L*) C°°(A''+^_L*), where L* is the dual space to L, 
that can be defined using the Lie bracket and obeys (c?l)^ = 0. Furthermore, I © I* has the structure of a 

^This result is derived in section 4.7 of [5]. 
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Lie bi-algebroid, which is a pair of Lie algebroids (L, L*) with the additional requirement that obeys the 
Leibnitz rule with respect to the Lie algebroid bracket on L*. 

The underlying reason why / © is a Lie bi-algebroid is that the twisted) Courant bracket belongs 
to a Courant algebroid structure. A Courant algebroid [5,8,9] is a vector bundle E with a bilinear form (, ), 
a bracket [, ] , and an anchor map n : E —>■ TM. obeying 

^([X,r]) = [7r(X),^(y)] 'iX,Y eC°-{E), (2.14) 
[XJY] - f[X,Y] + {a(X)f)Y + {^(X)f)Y - {X,Y)Vf yX,Y e G C^^M) 

{Vf,Vg)=0 yf,geC°°{M) 

t:{X){Y,Z) - {[X,Y]+V{X,Y),Z) + (Y, [X, Z] +V{X, Z)) yX,Y,Z e C°°{E) 
[X, [y, Z]] + [Y, [Z, X]] + [Z, [X, Y]] = ip(Nij(X, F, Z)) VX, F, Z e C^[E) , 

where 

Nij(x, r, z) := ([X, r], z) + ([y, z], x) + ([z, x], y) , (2.15) 

and Pis a map C°^{M) C°°{E) defined by the property {Vf,X) = i7r(X)/ V/ £ C°°(X),X £ C°°(i;). 
The Lie brackets on / and I* are obtained by restricting the twisted) Courant bracket, and the anchor 
maps are given by restricting the projection [TM © T*M) TM.. The important property is the last 
one in (|2.14p , because the restriction of an (i?- twisted) Courant algebroid bracket to an involutive maximal 
isotropic subspace obeys the Jacobi identity, and is therefore a Lie bracket. 

In this paper we will construct topological membrane models on almost generalized complex geometries 
that obey integrability conditions with respect to brackets obtained by general deformations of the Courant 
bracket by rank three tensor^: 

[X + 7],Y + v\d ={X + r/, r + j.]c + k^HujX'Y^ + k^f.jX'Y^ (2.16) 

where {fci, • • • , k^} is a set of parameters, and the position of the free indices denotes whether the term lives 
in TA4 or T*Ai. The explicit integrability conditions for a general J7 with respect to this bracket are given 
in Appendix [Bl The bracket [,]d is not a Courant algebroid bracket if any combination of /, Q, and R is 
turned on, which is related to the fact that these fluxes can not be understood as coming from some kind of 
a transform analogous to (|2.1ip . For example, whereas 

[e\X + v),e\Y + ,^)]c = e'iX + 7j,Y + iy]c + iyixdb = e^[X + 7^,Y + iy]H , (2.17) 

for a transformation by a bivector /3, 

e''\X + f]) ^ X + + i^p , (2.18) 

one doesn't have an analogue of (|2.17p . That is, 

[e^{X + 77), e^\Y + z/)]c ^e^[X + r^,Y + v]d (2.19) 

irrespective of which fluxes in [•, -Jd are turned on. One can also check that unless at most the H flux 
is turned on, [•,•]£> is not a Courant algebroid bracket, in which case the maximal isotropic subspaces of 
(rA^©r*7W)cg)C involutive with respect to [, ]d are not Lie algebroids, and the generalized Darboux theorem 
is no longer valid. Never the less, as we discuss in Section [Sj a topological model on a target spaces with 
an almost generalized complex structure integrable with respect to [,\d corresponds to a Courant algebroid 
structure on M. The topological model also places differential constraints on the fluxes that resemble 

''Twists by fluxes other than H have been considered in the formulation of generalized complex geometry in terms of 0(n, n) 
pure spinors in [34—37]. 
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Bianchi identities. In the case of H-Hux this is simply dH = 0, a condition that is independent of any 
almost generalized complex structure and follows from the requirement that [,]h be a Courant algebroid 
bracket. The conditions on the other fluxes do not seem to follow from a property of [,]d alone. We 
emphasize that the integrability conditions with respect to [, J^) are of importance to this paper because they 
appear as consistency conditions for topological models with flux, but we do not claim to understand the 
full mathematical significance of [,]d at this stage. 



3 Batalin-Vilkovisky formalism 

The Batalin-Vilkovisky (BV) formalism is a general recipe for gauge fixing in the Lagrangian framework, 
which on one hand provides a procedure to obtain a gauge-fixed action starting from a classical gauge theory, 
and furthermore gives a condition, known as the quantum master equation, that must be satisfied in order for 
the observables and the partition function to be independent of the gauge choice. It was introduced in [3,4], 
and enabled the quantization of gauge theories with open and reducible algebras, which could not be handled 
using the BRST techniques available at the time. BV quantization encompasses BRST, and improves over it 
by uncovering the geometric structures involved in the gauge fixing procedure. As we will show in detail, the 
construction of a gauge fixed action involves doubling the field space by introducing a partner with opposite 
statistics, referred to as an antifield, for every physical field and ghost field in the theory. The field-antifield 
space has a canonical odd symplectic structure on it. In addition, an extended action S that is nilpotent with 
respect to the odd symplectic structure needs to be constructed. A supermanifold with an odd symplectic 
structure and a nilpotent vector field defines a BV geometry, and it is in fact not necessary to start the 
construction from a classical gauge invariant action, since any BV geometry will serve as a starting point for 
the definition of a quantum theory. In particular, in the AKSZ procedure BV geometries are constructed 
directly from classical geometries. In this section we review the standard approach to BV quantizatiorH, and 
in the next we will address the AKSZ approach. This will provide a physical motivation for BV geometry, 
and is also necessary for understanding the content of the topological theories constructed via AKSZ. 

Suppose we have an action Sq^ that depends on a set of fields and is invariant under a set of gauge 
symmetries labeled by a capital letter index|f| 

S(f,' = e^R\ , (3.2) 



e^R'a = . (3.3) 



- (3.4) 



Gauge symmetries imply that the Hessian, 



is not invertible on-shell, which can be seen by taking a functional derivative of (|3.3p . This prevents the 
construction of the free propagator (given by the inverse of the Hessian evaluated at some classical solution) , 
and thus prevents a perturbative evaluation of the path integral. 

As in BRST, one introduces ghost fields c^, characterized by having opposite parity to the gauge trans- 
formation parameters s^. We group the ghosts together with the original 0* under a collective field, 

A 



a>" = {0\c^}, (3.5) 



^For a thorough treatment the reader is referred to the review [38], or to [39,40]. 

^Throughout this section we will be using the deWitt convention, where repeated indices imply not only summation but 
also integration. In 113. 2t . for example, the transformation parameters e'^ are functions, 
a (d-dimensional) (5-function, so; 



; J dze'^(z)R\{x - z) . (3.1) 



In general, an object with n free indices in the deWitt notations stands for something with (n — 1) 5-functions; for n = 
we have a local integrated object. The deWitt notation is very useful when discussing the BV formalism abstractly, without 
reference to a particular theory, but we will not use when discussing specific constructions later in the paper. 
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and for each introduce a field with opposite statistics <&* , cahed an antifield. Then an extended action 
starting as 

^min = 5'o + cb*c^R\ + ■■■ (3.6) 
is constructed. The dots are completed by requiring S'min to be a solution to the master equation 

('S'niin; "S'min) = , (3.7) 

where (•, •) is called the antibracket, and defines a canonical odd symplectic structure in the space of fields 
and antifields (see Appendix El for a list of defining properties of the antibracket). Its action on two objects 
A and B that depend on $ and $* is given by 



iA,B) 



SA SB SA SB 



S^" (5$* S^l (5$" 



(3.8) 



For reasons that will become clear shortly, S'min is called the minimal solution, and is the central ingredient 
for constructing a gauge-fixed action. 

For a symmetry algebra that is not reducible and closes on-shell the solution to the master equation is 
given by 

Smin = So + 4>:c^R\ + C^iV^BC^C^ , (3-9) 

where N^j^q are the (possibly field dependent) structure functions of the algebra. The master equation reads 



^c^R\ 



SR 



A„B 



(3.10) 



ZIM ^pC I\ QfjC C C C C Uj^ 



where e e Z2 is zero when the field in its subscript is bosonic and one when it is fermionic. The term 
independent of antifields expresses the invariance of the action, the term proportional to 0* the closure of 
the algebra, while the term proportional to c* is related to the Jacobi identitj0. Essentially, the antifields 
act as sources for the BRST transformations obtained when quantizing a gauge theory with a closed and 
irreducible gauge algebra using the standard BRST methods. 



3brst<; 



ec^R\ 



i^BRSTC 



(3.12) 



where is a global fermionic transformation parameter. The statement that (5brst is nilpotent is equivalent 
to the statement that p.l6p is a solution to the master equation. For open algebras, when the BRST 
procedure fails, the solution to the master equation is characterized by terms non-linear in the antifields. 
Still, it is customary to refer to the transformations that appear in the terms linear in antifields as BRST 
transformations, even though for open algebras these transformations are nilpotent only on-shell. 

Gauge fixing is achieved via a canonical transformation, that is, a transformation that preserves the an- 
tibracket (j3.8p . An infinitesimal canonical transformation can be generated by a fermionic function /($, $*) 
of fields and antifields as 



i':^ *: + (./(*, . ^ $" + (/($,$*),$") , (3.13) 

^There is a technical issue here, that rarely causes an obstruction to the BV procedure in practice [41,42]. The Jacobi 
identity associated to a set of gauge transformations (13.21 1 that close on-shell is 

I^n I^''afC^N^ghc''c» - c^c^^^c^R\\^ ^ . (3.11) 

Therefore, this relation must be satisfied already at the level of the structure functions for the BV procedure to work. 
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and it turns out that for the purposes of gauge fixing we can restrict to functions depending only on fields, 
i.e. to canonical transformations acting only on antifields: 

K^K + i'^{^),K) , (3.14) 

^' is referred to as the gauge fixing fermion. The minimal solution has a ghost number symmetry, where the 
ghost numbers are conventionally assigned as 

gh(0') = O , gh(c^) = l , gh($;) = -gh(<i>") - 1 . (3.15) 

The antibracket increases ghost number by one, so in order for the canonical transformation to preserve 
ghost number it's necessary that gh(^') ~ —1. Such a fermion can't be constructed from the fields in the 
minimal solution, since these all have positive ghost number. One therefore introduces auxiliary field pairs 
6"^ and A"^ with gh(6'^) = —1 and gh(A'^) = 0, which can be used to construct an appropriate The 
extended action with the auxiliary fields reads 

, (3.16) 

so on the auxiliaries the BRST transformation simply acts as 

^brst6^ = , i5brstA'^ = . (3.17) 

For closed, irreducible algebras, gauge fixing via a canonical transformation (|3.14p is equivalent to adding 
the term i5brst^ to ^cxt, but for open algebras terms nonlinear in antifields play a crucial role. 

For irreducible algebras it is always possible to find a fermion such that the part of the transformed 
extended action independent of antifields has a propagator. As things stand, the procedure still fails for 
reducible algebras. This is fixed by requiring the minimal solution to be proper, which means that the 
Hessian defined by 

H b ^ ^ (3 18) 

has half its maximal rank on-shell. Here ip"" is a collective field that includes 0% c^, any other ghost fields 
that need to be included for the solution to the master equation to be proper, as well as the antifields for 
all these. One can show that for irreducible algebras a minimal solution with the field content p.Sp that 
starts as p.6p is indeed proper, while for reducible algebras additional ghost fields need to be introduced. 
The properness condition guarantees that, after a canonical transformation, one can find an action with a 
well defined free propagator. 

To summarize, the object that can be used as the starting point for defining the quantum theory is 

5ext(*", $: + (*(*),$:)) , (3.19) 

where now includes the auxiliaries b"^ and A"^. Furthermore, one can show that the generating functional 

Z[J, K] = J [d'i>] expi(VFext + Ja) (3.20) 

obeys the naive Ward identity 

provided that Wcxt obeys the quantum master equation 

- tAWe^t + ^(Wext, VFext) = , (3.22) 

where the A operator is defined as 

A:=(-l)(^'+i)477^ ■ (3-23) 
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By 'naive' we mean that path integral quantities are manipulated as if they were classical objects, without 
regard for regularization and renormalization; the 'naive' results can be spoiled by quantum anomalies. In 
particular, Wcxt should be thought of as depending on some regularization parameter e, such that when the 
limit e ^ is taken it becomes infinite and Z[J] finite. On the other hand the A operator is singular when 
acing on local functionals, and must be regularized if one is to make sense of equation (j3.22l) . In the above 
we have set fi, = 1; if fi, was reintroduced the A operator term in p.22p would come out proportional to H, 
and should therefore be understood as a quantum correctionlfl 

To demonstrate that the BV gauge fixing procedure makes sense one needs to show that the quantum 
theory is invariant under infinitesimal deformations of the gauge fixing fermion. And indeed one can argue, 
naively, that the partition function is invariant provided that (|3.22p is satisfied (see any of [38-40] for the 
details). Furthermore, one can show that the expectation value of an observable O is independent of the 
choice of provided that 

a{0) = , (3.26) 

where a is defined by 

aO := {O, l^ext) - «AO , (3.27) 

and formally obeys ~ (clearly, this reduces to the invariance of the partition function itself since 
cWcxt = is just the quantum master equation). Due to the nilpotence of a, (j3.26p is automatically true 
when O is of the form O — aT . It follows that quantum observables are given by the cohomology classes of 
a at ghost number zero, where the ghost number requirement comes from considering the classical limit. In 
the classical limit the A operator term vanishes, so cr reduces to the operator (5bvj 

5bvA:= (AW-ext) , (3.28) 

whose nilpotence follows directly from the Jacobi identity property of the antibracket (|A.5|) . The cohomology 
of (5bv restricted to local functionals determines the deformations of the classical action compatible with the 
symmetries of the theory (which in particular determines potential counterterms). Using the fact that 
gh(5Bv) = Ij one can also show that the cohomology of local functionals at ghost number one determines 
potential anomalies in the theory [40,41,43]. 



4 The AKSZ construction of the A-model 

The space of fields and antifields in BV quantization naturally holds an odd Poisson structure, and the gauge 
fixing procedure requires the existence of a functional S that obeys the master equation (S*, S) — 0. We will 
call any supermanifold (finite or infinite dimensional) a P-manifold if it is equipped with an odd Poisson 
structure, and a Q-manifold if it is equipped with an odd vector field 

Q:=(-,^) (4.1) 

that obeys — Q [44]. The latter is equivalent to the existence of a function(al) 5* obeying (5*, S) = 0. The 
space of fields and antifields is an examples of an infinite dimensional PQ-manifold, that is, a supermanifold 
with both a P- and a Q-structure. An important example of a finite dimensional PQ-manifold is the tangent 
bundle of a Poisson manifold M. with parity reversed fibers, which we denote as IITA^. Taking X* to be 
coordinates on M. and tTj the odd coordinates on the fibers, the odd symplectic bracket is given by 



°The A operator is avoided when working with the effective action, 

, -f * ] := -iZ\J, $*] - J„*f^j . (3.24) 

where 

*r.) - (3.25) 

Then 113.211 1 is equivalent to the effective action obeying the classical master equation (F, r)#(^) = Oi where the subscript 
indicates that the functional derivatives are with respect to . 
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and the Q-structure is obtained from 

S^\p^\X)^,n, . (4.3) 

The master equation is satisfied if P*-' defines a Poisson structure on M.^ i.e. if pl^-'^p™]^ — Q. 

In the AKSZ construction [2] first a finite dimensional PQ-manifold V is constructed, and then one 
makes use of a canonical PQ-structure on the space of maps from E to P, where S = IITE, and S is an 
n-dimensional worldvolume. The Q-structure defines the extended action of the topological model. In the 
standard BV construction one starts from some classical physical action, so it is clear from the outset what 
the fields and the antifields are. This is no longer the case in the AKSZ construction, instead the choice forms 
a part of the definition of the theory. Geometrically it corresponds to a choice of Lagrangian submanifold 
of the PQ-manifold, that is, a submanifold with half the maximal dimension such that the odd symplectic 
form restricted to it vanishes. In the standard approach, in order to respect the classical limit, it is crucial 
that the physical fields have ghost number zero. This requirement can be dropped for topological theories, 
which in particular means that it is not a priori necessary to introduce auxiliary pairs, and that there is no 
need to restrict observables to have ghost number zero. 

The target space for the A-model is the PQ-manifold IITA^, where is a Kahler manifold, and for the 
B-model the target space is n(T'^°'^^A^ © T*(i^o)y\4) [2]. The quantum consistency of the B model requires 

to be Calabi-Yau, while the target space of the A-model can be any Kahler manifold. The A- and 
B-models are special cases of a jT-model, which can be defined, at the classical level, on any generalized 
complex manifold [45]. For the A- and B-models the generalized complex structure in question reduces to, 
respectively, J7sym and Jcpx in ()2.9p . The PQ-manifold is constructed directly from the Lie bi-algebroid 
structure (|2.13p that corresponds to the generalized complex structure in question. 

Let us take the local coordinates on nTS to be 



z 



, (4.4) 



where cr^ are worldsheet light-cone coordinates and 9^ the fermionic fiber coordinates. The fields of the 
A-model, X{z) and 7r(z), are referred to as de Rham superfields. We note that X(z) is a map HTE A4, 
while 7r(z) is a section of LET*!] ® X*(nTM). The P-structure is given by 

and the AKSZ action for the A-model is 

S = J d^z (^^lj'^X)tt,{z)tTj{z) + ^uj,jDX\z)DX^{z) + T:iDX'{z)J . (4.6) 



where 

D is given by 



d'^z = da+ d(j- de+ de- . (4.7) 



D = e+d+ + e-d- , (4.8) 

and obeys = 0, while ujij is the Kahler form and uj^^ is its inverse. From now on we will suppress the z 
dependence of X and tt. 

The action (|4.6p has a ghost number symmetry, and we assign 

gh(X) = , gh(7r) = -l and gh((?±) - 1 , (4.9) 

so that gh(_D) = 1, gh(d^z) = —2, and gh(S') — 0. The de Rham superfields can be expanded in terms of 
the worldsheet superspace coordinates as 

x*^ = + e-nf' + e+TT-^ - e+e-xt , (4.10) 
TTfc = xk + o-Ti-k + o+TT+k + o+e-<i)i , 
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where we have made an initial choice which component fields are to be treated as fields and which as antifields. 
The odd symplectic form is given by: 

(A,B)^ d^z\——-——^—— + —— 4.11 
J \S^' 6(b* 6(b* 6(b' 6xr 5x1 6x1 Sxr 

7 A 1b (5A 1b 7 a 1b 7 a 1b 



Integrating over the fermionic coordinates in (|4.6|) we obtain the extended action: 

.2, /I 



S= I d^a[ -uj^jd+(f>'d-(lf' + T:+id-(j)' - TT^.d+cj)' + Lo'^TT+nr^j (4.12) 



-ttJ 



+ ry^, - ]^xW\lX^X3 + \<'<''^"\l„,X^XJ 

In terms of the standard BV construction described in Section [31 the first line corresponds to the classical 
action, Xk are the ghost fields, and the gauge symmetry transformations can be read off from the terms 
linear in tt* and cj)* . The term quadratic in the antifields is present due to the algebra of these symmetries 
closing only on-shell. 

The action of the form (|4.6p . but with the LOij term set to zero and taken to be a general Poisson 
structure, is known as the Poisson cr-model. The choice of Lagrangian submanifold in (|4.10p is in fact the 
correct one for the quantization of topological models related to deformation quantization [46-49] . To obtain 
the gauge fixed action one needs to introduce auxiliary pairs and construct a gauge fixing fcrmion much like 
for standard gauge theories. For the p-brane generalizations of the Poisson ct- model see [50]. 

Auxiliary pairs are not needed to define the A-model, but it is necessary to make a more refined choice of 
a Lagrangian submanifold than (j4.10|) by making use of an almost complex structure on the target manifold 
(in what follows we take this structure to be actually complex), 

TT+Q -> Ip'a TT+qT TT+a TT-a ^ ^Jjj TT-a ^ TT-a (4-13) 

referred to holomorphic coordinates. After making the replacements (|4.13p in the extended action J4.12p 



and integrating out the auxiliary fields tt+q and 7r_-5 one obtains the extended action of the A-modeo 



S=jSa (^-g.,d+^^d^(^ + Xu{d+r- + T\pd+^^4>''-) (4.14) 

- xv{d-r+ + T\-^d^r^l) - ^R'^lvnr+xo.xp 



i^+/d+ct>^ - iT^t^p^xp) + *x:r'";x.XK + ^x':r%x.x^ 



In the AKSZ formulation the fields x naturally have a downstairs index, whereas in the twisting procedure 
the index is naturally upstairs [2,51]. In the latter formulation one can associate with the differentials dz' 
on the target space, and one has simply 50' = and Sx^ = under BRST transformations. In the AKSZ 



'We are using the convention i^^-j^ = ~*!?„]3J where gij is the Kahler metric. 
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formulation g^-'Xj is associated with dz*, and this is the reason why Xi doesn't transform trivially, as can be 
gathered from the presence of terms linear in x* i^i (|4-14p . 

Finally, let us point out some subtleties in the AKSZ construction. The A-model action obtained from 
the twisting procedure is characterized by the fact that its bosonic part is purely real, assuming that we take 
the action of the (2, 2) untwisted model to be real, due to the fact that the twisting leaves bosonic fields 
invariant. Our conventions differ by an inessential factor of «, so the bosonic part of (|4.14p comes out purely 
complex. Now, the second term in (j4.6p is just the puUback of oj to the worldsheet 

j (fzLo^jDXWX^ = j d^crLu,jd+(l)'d-(t>^ , (4.15) 

so it is topological, and the master equation is satisfied irrespective of its presence. However, its coefficient is 
determined if we require the bosonic part of the action to be purely complex. There is a similar issue related 
to the role of a gauge fixing fermion. Following from (|4.9p . the component fields have the ghost numbers 

gh(x.) = l , gh(V'J)=gh(^^) = -l , gh(0*) = gh(7r+jj) = gh(^_„) = , (4.16) 

so a general gauge fixing fermion that is of second order in the fields, constructed using the Kahler metric, 
has the form: 

* = y dVig„^(a_0"v4 + d+fy^) . (4.17) 

Starting from an action like (|4.6p . but with the ttiDX^ term having a coefficient other than one, it would be 
necessary to perform a canonical transformation generated by a fermion proportional to (|4.17p in order to 
obtain the A-model action. However, if we start from precisely ()4.6p no canonical transformation is necessary. 



4.1 Invariance of the A-model under b-transforms 

Under a 6-transform ()2.1ip the fields of the A-model transform as 

X' ^ X' TT, ^ TT, -f h^DX' . (4.18) 

One can check that this is a canonical transformation of the antibracket (|4.5p provided that dfe = 0. The 
A-model action (|4.6p is not invariant under (|4.18p , but rather transforms to a special case of the Zucchini 
action [6]: 



(4.19) 



The Zucchini action is a solution to the master equation provided the tensors satisfy the first three conditions 
in Appendix iBl with all the flux terms set to zero. Thus, the model can be defined on any manifold with a 
generalized complex structure, but the actual conditions coming from the master equation are weaker. In 
detail, we have 

{S, S)= j d?Z (^S'^'^TT.njTrk + V'^J^ DX^TT^TTra + T^j ''DX'DX^TTk^ = . (4.20) 

The condition Wijk — doesn't feature because it involves a contraction with (DX)^, which is identically 
zero. 

For the ^-transform of (14.61) we have 



P'' = CO'' , = co'^'b^j and L,, = ^ \j'^i'h„^h,^ . (4.21) 

Because ()4.18p is a canonical transformation, one can choose the same Lagrangian submanifold as for the 
A-model before the 6-transform (see ()4.1ip and (|4.13p ). Writing out (|4.18p in components reveals that it 
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Figure 1: The field content of three of the AKSZ membrane action. 



transforms both fields and antifields, so it is not a canonical transformation generated by a gauge fixing 
fermion that depends only on fields. However, it turns out that a canonical transformation generated by 

* = j (fa (-&^^(9_<^"V4 + ) - + fo^^a+r (4.22) 

undoes the action of the 6-transform, but only after integrating over the auxiliary fields tt+q and tt -^. If 
there was an obstruction to integrating out the auxiliaries, and we argue in Section [7] that this can happen 
when one introduces a gauge fixing fermion that depends on i/-flux, then the impact of a transform by a 
closed 6-field should be examined more carefully. 



5 The three dimensional A-type model 

In this section we consider a class of topological membrane models that naturally include the iJ-, /-, Q- and 
i?- fluxes that were introduced in (I2.16P , and reduce to the Zucchini model ()4.19p when the fluxes are turned 
off [18]. This is possible because the membrane is assumed to have a boundary, and in the absence of fluxes 
the AKSZ action becomes a total derivative. The Zucchini model itself reduces to the A-model when the 
generalized complex structure is given by Jsym, but it does not reduce to the B-model when the generalized 
complex structure is J7cpx (see ()2.9p ). The reason why the A- and B-models can not be special cases of the 
same AKSZ action, at least for general dimension of the target space, is explained in [45] . B-type membrane 
models are also discussed in [18]. 

Let us first rewrite the standard A-model AKSZ action (|4.6p in three dimensions, by acting on it with 
the D operator. The maps from the worldsheet can be extended to maps from a membrane that has the 
worldsheet as its boundary, and the action obtained by integrating this Lagrangian over the membrane 
superfield coordinates is equivalent to the original A-model via Stokes' theorem. To obtain a BV structure 
in three dimensions it is necessary to introduce the fields listed in Figure [TJ 

The AKSZ membrane action is given by 

S= j d'y (^^Lu'^^A'^TT^TTj - uj'^B.n, - ^DX'B, + ^Dtt.A' (5.1) 
+ {A' - DX')Y, + {B, + Dt:,)Z' + 0{Z*) + 0(n 
and the antibracket by 

, ^, r^g (^fIg ^fIg ^fIg IfIg 
^F 1g 7f 1g If 1g 7f ~5G 
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As one can see, Bi and play the role of antifields to X' and tt^, respectively. The field-antifield pairs 
have the same parity because the measure of the three dimensional superspace is fermionic. The superspace 
coordinates on the membrane are denoted by y, and (Py is the fermionic measure. Eliminating the Lagrange 
multipliers Y and Z yields the total derivative action that reduces to the A-model on the boundary of the 
membrane. In (|5.ip 0(Z*) and 0{Y^,) denote terms that involve the antifields of Z and Y, which we do not 
write down explicitly. Let us denote the part of the action in the first line of ()5.ip as S'(i), and the part of 
the action in the second line, excluding the 0{Z*) and 0(F*) terms, as 5(2). Then (S'(i), <5'(i)) = 0, provided 
that w*-' is a Poisson structure, and (S'(2) , '5(2)) = 0. However, (S'(i) , 5(2)) ^ 0, and one needs to introduce 
the 0{Z*) and 0(Y*) terms in such a way the part of the full master equation coming from {S(^ij,S^2)) is 
cancelled. The completion of the extended action is straightforward but lengthy, and requires a repeated use 
of the Poisson structure condition. 

5(1) is a special case of an AKSZ membrane action that can be associated to a Courant algebroid on the 
bundle TM(BT*M: 

Sc=J d?y (^-^DX'B, + ]^Dt:,A' - fH^B^n^ ~ fl^-j.B.A' (5.3) 

F(i),,,^M^ + F(^2),^.AM^"7r, + Fi^^,A^n,7r, + F^)'=^,7r,7r,^ . 

The conditions for Sc to satisfy the master equation can be grouped into three sets [11, 16]: 

- , (5.4) 



/S,™/(1r + + 3/(2)™^(T' = (5.5) 

fij fm _ fi finj , n fi pJ™ _ 9 pi fim n 

J(l).mJ(2)s i(2)s,mi(l) "t" ^i(2)m^(3)s ^-^(2)sm-'(l) ~ " 

J(2)[3,\m\J{2)s] ~ J{2)m^(2)js ~ ^ {!) j sm J (I) - U , 

and 

fS]m -pijs rm , 9 pfe p*]™ _ e p[» pJ*!™ — n 
^{3)k,rnJ{l) ~^ ^ (4) ,rnJ (2)k + ^-^ {3)m-^ (3) k "'^(2)fcm^(4) ~" 

p[fc rs]m j-^ks fm I OP Tjksm A J^l-k p^Jm J-^ks rjm r, 

^(2)ym/(l) ~ ^(3)[»,|m|/(2)i] + y^(l)ym-t'(4) " *^(2)m[i^(3) j] + ^ {3)m^ {2)i3 " 'J 

-F(l)ijk,mf{i) + F(2)[i].\m\fJ^)k] + ^^('i-)[ij\-m\Fl^k] + '^^(2)m[iP(^)3k] = 

3^'(l)[y|m|^(")pr] " ^(1) [up, |m| /(")r] = • 

Including the 5(2) term, one again needs to complete the extended action with 0{Z*) and 0(F*) terms, and 
solving the full master equation involves a repeated use of the above conditions. The correspondence between 
AKSZ membrane actions and Courant algebroids ()2.14p was pointed out in [14,15,52], and has subsequently 
been studied extensively [9-11, 16]. The details of this correspondence for the bundle TM T*M. are as 
follows: A* and tt^ are coordinates along the fiber directions of IITA^ and IIT*M. respectively, the anchor 
map is given by 

n{A^)X^ = fl^ , ^(S,)X^' = -/('2), , (5.7) 
and there is an operation o defined as 



A' o A^ = 




GF'^l^TTk 


(5 


A' O TT^ = 








TTi O TTj = - 


-QFj^i-^ijkA'^ ' 


" 2F(^2)»j'rfc : 
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from which the Courant algebroid bracket is obtained by antisymmetrizatio] 
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[61,62] = i(ei o 62 - 62 o ei) . (5.9) 

The coefficients in the above equations were chosen to agree with the conventions in [16]. In an action 
corresponding to a Courant algebroid on a general product vector bundle V (BV* the B fields would take 
values in the fiber coordinates of T*J^, while the A and tt fields would take values in the fiber coordinates 
of nV^ and UV* respectively. The action associated with a Courant algebroid on a general vector bundle E 
would contain the B fields, and A fields which take values in the fiber coordinates of HE, but it would not 
contain the tt fields [10]. 

For the purpose of constructing a flux deformation of the Zucchini action the target space must be an 
almost generalized complex manifold. We therefore take 

fH^^P^^ and fl,),^r,, (5.10) 

and then equation (|5.4p is just the second condition in (|2.4|) . Furthermore, we wish to reproduce the inte- 
grability conditions of the almost generalized complex structure with respect to a Courant bracket deformed 
by not only iJ-flux, but also by /-, Q- and _R- fluxes (I2.16p . This is achieved by taking 

^(3)/£ "2 V ,k^^ k) -^(4) ~2 

Elijk = - fcl^™ffjfc]m - fe-^m[!/7/c] + k2Lm[iJ^jJ\\f'^s ^ ^3im[/c-^| s|'i '/''j] Q''™ (5-12) 

=2k2Ji,p^^^j\r;, ~ k^u^p^^p^^ris - 2k2P"'^'rlk - hJ^iQ^'m 
V 



where 



k^r^J^L.^R'^P- + k^LmkR'''^ 



R^'^ = - fc2jf™F'IPlpJ'lV";, + A:3P"[''^Q*-''1„, - kzJ^%^J\Pi^% 



jk ji jj prnps , , M pij]m 

The conditions in (|5.5p become the first three conditions in Appendix [B] It is not obvious how the higher 
order conditions (j5.6p should be obtained from the deformed Courant bracket, except for the iJ- twisted 
case, when satisfying (|5.5p requires dH — 0, which is also the condition obtained by requiring the i?-twisted 
bracket to be a Courant algebroid bracket. For the particular examples we discuss in the next section (|5.5p 
express differential conditions that resemble Bianchi identities. For standard and iJ-twisted generalized 
complex structures, the Courant algebroid structure defined by the topological membrane, (j5.8p . is related 
to the Lie bi-algebroid structure referred to after (|2.13p . by a correspondence between Lie bi-algebroid and 
Courant algebroid structures given in [5] . This in particular means that the Courant bracket defined by the 
antisymmetrization of o (|5.9p doesn't correspond to the standard Courant bracket on T © T* p.6p . 

Unless the fluxes are turned off, Sc is not a total derivative after the Lagrange multipliers Y and Z are 
integrated out. For the case with iJ-flux only it is still possible to work with a two dimensional model on 



'^'^One can check that the conditions 1)2.1411 arc equivalent to 115.411 . 1)5.511 . and 1)5. 6| l. In fact, a Courant algebroid can be 
defined in two equivalent ways, either in terms of [,] or o [9]. 



15 



an i7-twisted generalized complex target space. When the 6-field is not closed, the odd symplectic structure 
(|4.5|) gets deformed to 

{F,G)h - {F,G) - / d?zDX'H,,k^^ (5.13) 

under a 6-transform (|4.18|) . where we take H = 3db, and the master equation for the Zucchini action (|4.19p 
with respect to {,)h reads 

J (fz [s'^'^TT.njTTk + V^'J^DX'^njn^ + T^^ '^DX'DX^TTk) - , (5.14) 

with S, V, and T in Appendix [b1 evaluated with ki = 1 and k2 = = = 0. So, the master equation is 
satisfied with respect to the i?-twisted bracket if the target space carries an i/-twisted generalized complex 
structure, but as in the untwisted case (|4.20p . the conditions coming from the master equation are weaker 
since Wijk = doesn't feature. The problem when working with the twisted bracket is that one meets a 
rather serious technical difficulty in implementing the gauge fixing. Namely, it is completely unclear how to 
pick out a Lagrangian submanifold with respect to the odd symplectic structure ()5.13p , due to the fact that 
{-Ki, 'Kj)H 7^ 0, SO X and tt are no longer conjugate variables The great advantage of the AKSZ membrane 
models is that this problem is avoided, since the standard BV bracket ()5.2p is used. In particular, for flux 
deformations of the A-model one can use the same Lagrangian submanifold as for the three dimensional 
rewriting of the standard A-model (|5.ip . 

We do not have a generalization of the twisted Zucchini model in two dimensions when the /-, Q- and 
i?-fluxes are turned on, related to the fact that these fluxes can not be obtained via some generalization of 
the 6-transform. Two dimensional AKSZ actions have a correspondence with Lie algebroids (|2.13p [16,53,54]. 
As we mentioned, the j7-models of [45] are constructed from Lie bi-algebroids, and in [5] it is shown that one 
can always construct a Courant algebroid from a Lie bi-algebroid. At the level of AKSZ this corresponds to 
the membrane action for the A-type model without flux becoming a total derivative. The fact that in the 
presence of /- Q- and i?-fluxes the membrane actions can not be reduced to two dimensions indicates that 
the corresponding Courant algebroids can not be constructed from Lie bi-algebroids. 



6 Topological models on almost complex manifolds 

In this section we consider examples of U{m) and U{m) x U(rn) structure manifolds with flux which are 
good target spaces for the type of topological membrane model discussed in the previous section. We will 
in particular be interested in geometries for which the Nijenhuis tensor of the almost complex structure(s) 
doesn't vanish. There are two types of membrane models one can consider for each structure group. For U (m) 
one has models associated with J7sym, and J7cpx, and for U{m) x U{m) models associated with J7(±) (see (|2.9p 
and (|2.10p ). We will mainly be interested in Jsym and since these are the flux generalization of the A- 

model, while jZcpx and are not related to the B-model [45] . In the previous section it was shown the AKSZ 
membrane action satisfies the master equation provided that the generalized complex structure in question is 
integrable with respect to the deformed Courant bracket (|2.16l) , and provided that the differential constraints 

Expanding {S,S)h in components reveals that the parts that come from the //-dependent deformation of the usual an- 
tibracket all depend on the auxiliary fields. This leaves some hope that one may be able to use the same Lagrangian submanifold 
as in the case without flux, and that the extended action obtained after integrating out the auxiliaries may satisfy the master 
equation with respect to the standard antibracket. One can easily check that this doesn't work. If we close our eyes and perform 
the gauge fixing as in the standard A-model, after performing a 6-transform with 3db = H the extended action of the standard 
A-model Sa 114.141 1 transforms to 

S = Sa+J d^^i {-H"fi,^^_Xc,d+4>^ + H"f,-i,lxc.d-4>'^ + H'^-^J'Lxc^+<^^ - //^_V5 X<r9- (/-^ (5.15) 

-H'ij^J-LXcd+<^'^ + H'--j^r+Xcd-<l? + H%r-Xcrd+<l^'' - //>»/'?X«9-<A'') ■ 

Thus, the change is proportional to H and occurs only in the part of the action independent of antifields. It is easy to check 
that this extra contribution isn't invariant under the BRST transformations of the A-model, and therefore the master equation 
with respect to the standard antibracket is not satisfied in the part independent of antifields. 
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on the fluxes ()5.6p are satisfied. First we will examine geometries inspired by (1, 1) supersymmetric cr-models, 
for which the torsion of the connection that preserves the almost complex structure(s) is related to the iJ-flux, 
and the almost complex structures are responsible for additional supersymmetries of the cr-model. When 
the Nijenhuis tensor of the almost complex structures doesn't vanish, for the U{m) geometries one must 
turn on the /-flux in the topological model, and for the U(m) x U{m) geometries the H-, f- and _R-fluxes. 
The /- and i?-fluxes are obtained by raising the indices of the 3-form H. We also consider U (m) structure 
manifolds for which the torsion is not related to H, and is not totally antisymmetric. We show that all the 
conditions on the fluxes are satisfied for the cr-model inspired geometries, while for the more general U (m) 
cases we obtain additional constraints on the torsionful Riemann tensor, and show that these are satisfied 
for three explicit examples of half-flat manifolds. 

The action for the (1, l)-supersymmetric cr-model is given by 

5 = J d^z {g,, + b,,)D+XW^X^ , (6.1) 

where X is a map from (1,1) superspace with coordinates z = {a^ , , 9^ ,6^} to a chart in the target 
space manifold, g is the metric on the target space, 3db = H, and D-^- and Z?_ are supercovariant derivatives 
obeying: 

Dl^id++ D^_=id— = . (6.2) 

Second supersymmetries in the (1,1) formulation take the form 

Si^X' ^ e+I^^^jD+X^ Sj_X' - e-/(J)^.i?_X^' , (6.3) 

with the conditions that ^( A^- and are almost complex structures and that they are covariantly constant 
with respect to two torsionful connections, 

V(±)/(^) = , (6.4) 

whose respective connection coefficients are 

r1^^^=rv,±ii7V-- (6-5) 

The conditions on the parameters for the transformations (|6.3p to be symmetries are 

D^e^ = , (6.6) 

so e"^ can be taken to depend on half the worldsheet superspace coordinates. 

If one requires the algebra of the second supersymmetries to be the standard N = (2, 2) algebra, /(j-j are 
required to be complex and the model is said to have (2, 2) supersvmmetrvF^ The geometries that we want 
to consider are characterized by at least one almost complex structure, and this implies that the TV = (2, 2) 
algebra is deformed by a non-linear symmetry related to the Nijenhuis tensor [57]. Schematically the (+) 
sector of the standard TV = (2, 2) algebra can be written as: 

{Sl+,Sl^} (X Sg , {Sl^.Sg} CC Sl_^ , {Sg,Sg}(xSg, (6.7) 

where Sg is the superconformal transformation, 

SgX^ ^ e++d++X^ - '-D+e++D+X^ . (6.8) 
The deformation enters in the {(5/^,(5/^} commutator 

{5i+,5i+} oc5g + 5n+ , (6.9) 



^^See [21,27,55,56] for a formulation of (2, 2) cr-models with manifest (1, 1) supersymmetry that involves auxiliary superfields 
and is more natural in the context of the TM (B T* JVl bundle. A formulation with manifest (2, 2) supersymmetry in the context 
of generalized geometry is given in [24-30]. 
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where 

6n+X' = e++Nl^-^^^D+XW+X'' , (6.10) 

and -/V(+) is the Nijenhuis tensor associated with /(+). ^(+) is covariantly constant with respect to V^"-*, 
which follows from the closure of the algebra and can also be verified explicitly [42,57]. Replacing the partial 
derivatives in the Nijenhuis tensor using the covariant constancy of yields, 

^(+)ijk = Hijk - 3/^^jj./('_^-|jiffc]ps , (6.11) 

which just expresses that N(^^)ijk is the (3,0) + (0,3) component of H with respect to /(+). Analogous 
equations can be written in the (— ) sector, and the symmetries in the (+) and (— ) sectors commute. 

When H-Qxix is turned on it is possible to include only one second worldsheet supersymmetry, which 
means that the target space admits an almost complex structure covariantly constant with respect to, say, 
only V'-^'', but no almost complex structure covariantly constant with respect to V'-"''. Such models are 
called (2,1) cr- models when the almost complex structure is actually complex. To distinguish the different 
possibilities, we introduce the following notation. For (2*, 1) models there exists a second supersymmetry 
corresponding to an almost complex structure /(„) such that V^"*" -*/(_) = 0, and the algebra in the (— ) sector is 
deformed by the Nijenhuis tensor symmetry (|6.10p . For (2*, 2) models there are two second supersymmetries, 
one corresponding to a non-integrable and the other to an integrable !{+)■ For (2*, 2*) models neither 
/(_) nor are integrable. 

An interesting point about the covariant constancy of N is that it implies the reduction of the structure 
group. Consider, for example, the (2, l)-model in three complex dimensions. The covariant constancy of 
/ implies that the structure group is reduced from 5*0(6) to J7(3). For the (2*,l)-model the covariant 
constancy of N implies that the structure group is automatically reduced to SU{3). Furthermore, for n > 3 
the structure group reduces to a product group [42] . 

From the invariant tensors of a geometry with [/(to) structure one can construct two almost generalized 
complex structures jTcpx and Jsym (|2.9|) . The question we need to answer in order to construct the topological 
models is: what are the constraints on the parameters in (|2.16p such that jTcpx and Jsym are integrable with 
respect to [,]d, provided that the C/(to) tensors are covariantly constant with respect to some torsionful 
connection V*-"'"-'? It turns out that when Pj is almost complex J^cpx and J^sym are integrable with respect to 
(|2.16p with fc2 = 1, and all the other parameters set to zero, where we take the torsionful connection to bcF^ 

Jk ^ jk ^ 2^ 1'' ' 
and we associate 

fjk = T% (6.14) 
in (|2.16p . We are essentially twisting the original Courant bracket by torsion. When the torsion is totally 
antisymmetric, as is the case for H in the cr-model described above, one needs to take T*^^ = —H^^j, when 
/ is covariantly constant with respect to V^^^. Of course, Jcpx and Jsym are also integrable with respect 
to this bracket when Pj is actually complex. For the complex case with torsion obtained from H, it turns 
out that one can consider a more general deformed bracket. Namely, jTcpx is actually integrable with respect 
to a Courant bracket with arbitrary parameters in (|2.16p turned on, and J7sym is integrable when ki = 1, 
fca = — fci, and fc2 = 0. The /- Q- and i?- fluxes are all obtained by raising the indices of the three- form H. 

In bi-Hermitian geometry [23], which corresponds to the (2, 2) cr-model, a pair of complex structures are 
present, /(ip), covariantly constant with respect to V*^^^ ()6.5p . As mentioned in Section[2l this geometry can 
be expressed in terms of two generalized complex structures (I2.10p . 



pi(T) _ -pi(sj/m) J-„,; „n 
^ ifc - ^ ik + o-* ik ; (D.ldj 



13 p(s!/m) jg jjQ^ equal to the Levi-Civita connection unless Tj^j. is totally antisymmetric. Rather r'^' = r^ '-^' + re, where re 
is the contorsion, and the relation between contorsion and torsion is 



^■fc = \{Ty^+T,\+T^\) = 2re»[^.„ . (6.12) 
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which are integrable with respect to the standard H- twisted bracket ()2.12p . If one considers integrabihty 
conditions with respect to a deformed bracket p.l2p it is possible to accommodate a more weakly constrained 
geometry, namely one with either or /(_•) almost complex. If we take to be almost complex, J(±) are 
integrable with respect to the bracket (j2.16p with fci = 1, ^2 = ^4 = — i, and when /(_■) is almost complex 
one needs to take fci = 1, ^2 = /c4 = ^. 'J{±) are not integrable with respect to any deformed bracket when 
both /(^-j and /(_■) are only almost complex. The fluxes are again obtained by raising the indices of H. In 
this paper we will not consider U{m) x U{m) geometries with torsion that is not totally antisymmetric. 

Next we consider the differential conditions on the fluxes for the U{nn) A-type topological model, that 
is, the one associated with Jsym integrable with respect to (|2.16p with k2 ^ 1, /'^j, = ^ jfci a-nd all the other 
fluxes set to zero. In this case F(^2) f^nd _F'(4) vanish, and the only non-trivial constraint is the one in the 
second line of (|5.6p . which simplifles to 

with F(3)fe,„ defined in ((FTT|) and (jO^ with P'^ = , Lij — lij, and Pj — 0. (|6.16p can be expressed in 
terms of the Riemann tensor of the torsionful connection 

p»(T) _ -p-*(T) _ -pj(T) ^m(T)pi(T) _ -pm(T)pi(T) . 

^ jkl ~ Ij.k kjd'^'' Ij ^ fern kj ^ Im l"--^'7 

as 

3/1-/^ i? ,r + l''kI\iI''jI"s]R'i^lrn = , (6.18) 



which in a holomorphic frame reads: 



j s][mpk] ~ k-^ [i-^ s]-^^prvrn 

^11,.]-^ ' (6.19) 
By definition, on a manifold of SU (3)-structure there exists an invariant holomorphic form $7 

R^lI\U\^f^'^]r = • (6-20) 

which is equivalent to 

4]2;9,]+2O.]T = 0, (6.21) 

This means that for the SU{3) case (|6.19p is equivalent to 

= . (6.22) 
For the cr-model case the torsion is given by ^^'j^., and dH = 0, so one has the identity: 

R^li] = ^Ph,,, . (6.23) 

Then (|6.19p implies that the (3, 0) and (0, 3) components of the H- field are covariantly constant with respect 
to the torsionful connection, which is true, as we pointed out in the context of equation (|6.10p . 

For the U{m) x U{m) geometries (|6.15p based on the cr-model the analysis is more elaborate than for 
the U (m) cases, but the end result is similar. Namely, the covariant constancy of the Nijenhuis tensors 
associated with and /(_) is sufficient to satisfy the differential conditions on the ffuxes. 

For U{3) geometries for which the torsion is not totally antisymmetric the above argument is no longer 
valid. In what follows we demonstrate that (I6.19P is satisfied for three explicit examples of half-flat manifolds, 
all of which are described in detail in [58]. We remind the reader that a half-flat manifold is an SU{3)- 
structure manifold [59] for which the following torsion classes vanish: 

Wi" = = W4 = W5 , (6.24) 

where the minus denotes the imaginary part, which is equivalently expressed as 

lAdI = dn-=0. (6.25) 
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These manifolds are in general neither complex (Wi = — 0) nor Kahlcr (Wi = W2 = W3 = W4 = 0). 

The first case in question is the Iwasawa manifold [60, 6f], for which only W3 is non-zero (so it is in fact 
complex), and the metric is given by: 

4 

ds^ = Y^(,dx'f + {dx^ + x^dx'^ - x^dx^f + (dx^ - x^dx^ - x^dx^f . (6.26) 

i=l 

lij has the following form for all three geometries, 

/ = A + A e-* + A , (6.27) 

where for the Iwasawa manifold: 

J = l,...,4 , (6.28) 

= dx^ + x^dx^ - x^dx"^ , 
e6 = dx^ - x^dx^ - x^dx^ . 

The second case, referred to as the {Wj^, Iwasawa manifold, is obtained by making the replacement 

{dx^ + x^dx^ - x^dx^) {dx^ - x^dx^ + x^dx^) (6.29) 

in both ([O^ll and e^, and has Wa = but and W2 non-zero. For the third case , ■, and Wa are 
all non-zero, the metric is given by 

4 

ds^ = Y\{dx'f + (da;5 - x^dx^ + x^dx^f + (dx^ - x'^dx^f , (6.30) 



and 



sJ=dx^ j-l,...,4, (6.31) 



= dx^ - x^dx^ + x^dx^ , 
= dx^ - x'^dx^ . 

With this information the contorsion can be calculated by making use of the identity 

^'jk = -ll'^^f-^n ■ (6.32) 

We were able to check explicitly that (|6.19p holds for all three of the above geometries^ On the {Wj^, W2} 
Iwasawa manifold in fact the weaker condition 

<L]=0 (6.33) 

is satisfied. 

Finally, let us make a few comments about compactifications of string theory in relation to the geometries 
that we have discussed. The cr-model geometries with torsion that have SU{3) or SU{3) x SU{3) structure 
are of special interest, since they are the ones that have a chance of playing a role in compactifications 
of type II string theory to Minkowski space that leave = 1 supersymmetry in four dimensions. Such 
compactifications have been extensively studied from the supergravity point of view If we consider the 
classification of type II iV = 1 SU{3) vacua [34,35], the only solutions that can be seen from the a-model side 
are those that have (2, 1) worldsheet supersvmmetrvF^ One can argue that (2*, 1) geometries don't appear 



^*The calculation was done using the grtensor II Maple package. 
'^^See [19] for a review. 

l^To include RR fields one would need to consider the GS or Berkovits formulation of the string theory cr-model. 
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in the above classification because they in fact break all spacetime supersymmetry. This is substantiated 
from the worldsheet perspective, because spacetime supersymmetry is described by the spectral flow of the 
N — 2 algebra, which is apparently no longer present when the N = 2 algebra is deformed by the Nijenhuis 
tensor symmetry (j6.10l) . Thus one would expect (2*, 2) models to preserve iV = 1 spacetime supersymmetry 
and (2*, 2*) models to again break all supersvmmetrvF^ In addition to this, the Iwasawa manifold is a 
consistent background for compactifications of the Heterotic string to Minkowski space, since the requirement 
of spacetime supersymmetry is that the manifold is complex, Wi = W2 = 0, and that 2>V4 + = [60]. 
The {VV]^, W2'^} Iwasawa manifold is a consistent internal manifold for compactifications of type IIA string 
theory to AdS^, since the condition on the intrinsic torsion for such compactifications is that it is contained 
in W+ © W2+ [62]. 

7 Topological models on Calabi-Yau with three-form flux 

The three dimensional AKSZ action (|5.3p with only a closed H-Hux turned on can always be reduced to two 
dimensions. This is due to the fact that one can always perform a 5-transform with db cc H, and choose 
the constant of proportionality in such a way that the i7-twisted Courant bracket (j2.12|) gets deformed to 
the standard Courant bracket, or cquivalcntly, that the twisted BV bracket ()5.13p gets deformed to the 
untwisted one (|4.5p . Let us consider the bi-Hcrmitian case as an example, when the two complex structures 
obey V^/(^) — (see (|6.15p ). One possibility to define an A-type topological model is to start from the 
generalized structure J7(-), which is integrable with respect to the 77-twisted bracket. To go down to two 
dimensions one can make use of the fact that 

J('_) =exp(-6)J(_)exp(6) (7.1) 

is integrable with respect to the standard Courant bracket (12. 6p . The three dimensional AKSZ action 
becomes a total derivative and reduces to the Zucchini action (|4.19p with 

where idh = H. The 6-field doesn't transform as a tensor unless H is exact, and therefore neither do J 
and L. It would be interesting to gauge fix and compare this model with the topological model obtained by 
twisting the (2,2) bi-Hermitian cr-model [63-66]. 

Here we investigate a simpler case of a Calabi-Yau (CY) manifold with H-Hux. We emphasize that on 
a CY the complex structure / and the (3, 0) + (0, 3) form are covariantly constant with respect to the 
Levi-Civita connection. By a CY with flux we mean that a three form H is turned on, but it doesn't play 
the role of torsion. The starting point for the AKSZ construction of the A-niodel is the generalized structure 
Jsym (|2.9p . In the presence of H-fiux there are two possible types of deformations. One kind occurs at the 
level of the AKSZ action, and the other at the level of gauge fixing. The former is given by the membrane 
model defined by the generalized structure 

Xy^^ = exp {b)Jsym exp (-6) , (7.3) 

which is integrable with respect to the i/-twisted bracket. That is, taking 

J^=/™6™, , P'i=r^ and Lrj=hj+b,„,bjpnP (7.4) 

in the action (15. 3p . with Zdb = H , defines the natural three dimensional model on a CY with flux. 

A deformation can also occur at the level of gauge fixing, because one can pick a gauge fixing fermion that 
depends on a non trivial 6-field, or on H itself. In the remainder of this section we study such deformations 

^'^We note that Type II SU{3) X SU{3) vacua that preserve A'^ = 1 supersymmetry have not been classified in terms of torsion 
classes. 
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for the standard A-model. In Section [3] we showed that an anomaly-free theory should be invariant under 
deformations of the gauge fixing fermion, but because the arguments leading to this conclusion are only valid 
at a perturbative level, they may fail for topological theories^ In the context of the standard A-model we 
showed that the role of the gauge fixing fermion (|4.22p was related to a 6-transform when db = 0. When 
db ^ the model becomes the three dimensional one described above, and so the gauge fixing fermion (|4.22p 
extended to a membrane plays a role in the definition of the three dimensional model based on (|7.3p . It 
follows that the simplest deformation of the standard A-model is generated by the fermion constructed from 
the (2, 0) + (0, 2) part of the 6-field: 

*h = y rfV [by.^^l + b^^iT^j^^^'^ . (7.5) 

The maps on which the A-model is evaluated are obtained by setting the BRST transformations of tp^ 
and tp^ to zero [69]. These can be read off from the terms proportional to ip"^ and ■0^ in (|4.14p . so: 

d^^^ + iv^\r-x-fi = Q+'f - *r^^sV'?x/3 = . (7.6) 

The solutions are obtained by setting the fermions to zero, and therefore the A-model is evaluated on 
holomorphic maps. After transforming the theory by the fermion (|7.5p these maps are deformed to 

+ iWf'^.fi + ig'^^'^Plxj - ^K9%V-Xj = , (7.7) 

before the auxiliary fields 7r_^ are integrated out (see Appendix [C]) . There is a similar expression involving 
d+cj)^ . The term in the action quadratic in the auxiliary fields is deformed to 



(5"'^ + b^bP^g'^^) n^^TT^^ . (7.8) 



The object in the parentheses needs to be inverted in order to obtain the equations of motion for the 
auxiliaries, and we can expect an inverse to exist at a generic point in the field space. Let us denote the 
object in the parentheses as g"^ and its inverse as g^^. Then after eliminating the auxiliaries, we obtain 
that the model is evaluated on maps satisfying 

- fc"".g^i75-<^" + b^'^-g^vb^d^'P'' = . (7.9) 

When b transforms like a tensor this is a contribution that one would get from an infinitesimal change of 
coordinates of the form _ 

0" ^ + A''f^4>^ + B'^-^4>'^ (7.10) 

which, due to the presence of the last term, doesn't respect the choice of complex structure. Since the 
A-model does not depend on the choice of complex structure, transformations of this form will leave the 
theory invariant. However, when Zdb = H with H not exact, the model is evaluated on maps which are not 
holomorphic with respect to any complex structure on the target space. 

How could this change the content of the theory? The partition function of the A-model coupled to 
topological gravitj{3 can be evaluated exactly at each genus g and takes the form, 

^9 = ^s./^ exp (-iw • /3) . (7.11) 

Here t is a measure of the size of the CY (which we have implicitly set to one in (|4.14|) ). lo is the Kahler 
form, and 

w- 13:= I uj , (7.12) 



^®For an example of a construction that does depend on the gauge fixing fermion, in the context of one-dimensional topological 
theories introduced in [67], see [68]. 

'^^If one doesn't couple the A-model to topological gravity only the genus zero contribution survives. For a review of topological 
strings the reader is referred to one of the following [70—72] . 
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where denotes the homology class of the embedding of the worldsheet in the target space. It is 

straightforward to show that to ■ (3 is independent of the element of the homology class. The exponential 
term is present because, up to terms proportional to equations of motion, the A-model action can be written 
in the form 

S = tuj-P^it J (fa{Q,V} , (7.13) 

where Q is the A-niodcl BRST operatorl^ Therefore, the partition function has two contributions, one 
from oj ■ (3, that depends on the Kahler form, and the other which is a Q of something. Naively the latter 
shouldn't contribute to the path integral (see the discussion around (|3.26p ). However, due to an anomaly 
there actually is a contribution, and it is given by the Gromov-Witten invariants Ng^p. These are topological 
invariants of the CY manifold that, in a certain sense, count the number of holomorphic maps in the target 
space at each genus and in each homology class. Going back to the deformation (|7.9|) with a 5-field that 
doesn't transform tensorially, one expects the numbers Ng^/s to change, because on one hand a change in 
the gauge fixing fermion corresponds to a change of the second term in (|7.13p . and on the other hand the 
partition function is no longer evaluated on holomorphic maps. The lu ■ [3 contribution clearly remains the 
same. 

Finally, we give some remarks about the impact of gauge fixing fermions that depend on _ff-flux. The 
possibilities are a lot more numerous compared with fermions that can be constructed from the 6-field and 
the Kahler form, and can be classified according to the number of auxiliary fields they contain. Let us 
illustrate with an example from each class: 

J d^aH^^^d^^'d^d+^i^l ' y"dViI';.^^_„5+c'_<^V4 ' y"dV-ff"^7r„„9+7r_^V'| • (7.14) 

The case without auxiliaries deforms the holomorphic maps by H dependent terms. For a single auxiliary 
the same is true, but, as for the fermion ()7.5p . one needs to invert the tensor that appears in the term 
quadratic in the auxiliaries, which will now depend on H. For the case with two auxiliaries it is a lot less 
clear how to proceed, since after the canonical transformation the action contains a term quartic in the tt 
fields, in general with worldsheet derivatives acting on them. More work needs to be done to understand 
how to handle these cases. It may be that the tt fields need to be treated as propagating fields, in which case 
one would need to introduce auxiliary pairs and perform gauge fixing as for the Poisson cr-model (|4.12p . 



8 Conclusions 

In this paper we have studied a topological A-type models with flux in the AKSZ construction, arguing that 
generically such models are topological membranes rather than topological strings, and have shown that they 
can be defined on a large class U{m)- and U{m) x J7(m)-structure geometries. From the point of view of 
type II string theory compactifications both rank three fluxes and almost complex geometries are of interest 
in the context of mirror symmetry. This stems from the fact NS-NS 77-flux plays a more intricate role in 
mirror symmetry than R-R fluxes. Whereas R-R fluxes are simply interchanged, turning on _ff-flux has a 
more dramatic impact. In [20] it was shown that the mirror manifold of a Calabi-Yau three- fold with electric 
H-flux is a half-flat manifold. The flux in this case is not a three-form but is related to the intrinsic torsion. 
In [36] the analysis was extended to magnetic i?-flux, and the mirrors were shown to be manifolds with 
S'J7(3) X SU{?>) structure. While we have shown that the topological membrane model can be defined on 
three particular examples of half-flat manifolds, it would be interesting to find out whether this is generically 
true, or whether there is a restriction on the possible half-flat manifolds. It is worth stressing that the above 
examples are not solutions of string theory compactified to Minkowski space, so it is of some interest that the 
topological membrane can be defined on a class of almost complex geometries inspired by (1, 1) cr-models, 
which are expected to contain solutions that preserve N = 1 supersymmetry. The half-flat geometries can 
be lifted to solutions of M-theory, and in this context it would be interesting to investigate whether there is a 
relation between our construction and the membrane models of topological M-theory [73] studied in [74-76] . 

^''The reason why the equivalence is only up to the equations of motion is that we arc using the BRST operator instead of 
the full BV operator lT28l l. 
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Furthermore, mirrors of manifolds with _ff-flux are in general not expected to be geometric. Non-geometry 
has mostly been studied in the context of T-duality, for example, on a six-torus with iJ-flux supported on 
some three-cycle [77] . After performing a single T-duality along a direction with non-zero flux, one obtains 
a twisted torus, which is characterized by the tensor Pji^- After preforming a second T-duality one obtains 
a manifold which is geometric only locally. It is still possible to understand it geometrically, by doubling 
the directions supported by the iJ-flux, and considering transition functions between patches that include 
T-duality transformations; this type of geometry is referred to as a T-fold [78-82]. A different way to 
understand this T-dual is in terms of a manifold fibered by non-commutative tori [83-85]. The various 
points of view have been reconciled in [86], and it is understood that non-commutativity is seen only in 
the open string sector [37, 87] . Performing a T-duality along all three directions supported by i?-flux is 
conjectured to lead to a space which is not geometric even locally [77,88] (interestingly, [89] conjectures that 
it can still be understood in the T-fold formalism). Analogously to H and /, the fluxes and i?*^*^ can 
be associated to the two more exotic spaces. The fluxes that arise when considering mirror symmetry of 
Calabi-Yau manifolds with flux can be classified in the same way [36]. In light of all this, the fact that the 
fluxes in the membrane model follow the same pattern is very suggestive, and in future work we would hope 
to obtain a more concrete understanding of the relations involved. 

The analysis of T-duality transformations on tori with NS-NS H-tlux has also revealed that /3-transfornis, 
where /3 is a (0, —2) type tensor, are "mirror" to a subset of 6-transforms, where 6 is a (0, 2)-form [37,86,87]. 
The analysis suggests that non-commutativity on an SU (3) x S't/(3)-structure manifold with Q-type flux can 
be understood in terms of a deformation of the B-model action by a Poisson tr-model action, with the Poisson 
structure given by /3. On the mirror side this is related to a deformation of the A-model on a Calabi-Yau with 
magnetic flux by a non-trivial (0, 2) 6-field, but it is not clear precisely how the deformation should arise, 
which suggests that perhaps the deformations we have discussed in Section [7] should be taken seriously in 
this context. One should note, however, that the mirror map for non-commutative deformations constitutes 
a very difficult problem. While the category of B-branes, including their non-commutative deformations, 
is well understood, the relation to the "mirror" category of A-branes is far from clear [87,90-92]. It has 
been suggested that to clarify the relation one should understand deformation quantization of the Poisson 
structure associated with the A-model. As explained in Section HI this requires keeping the auxiliary fields, 
which one is also forced to do when considering deformations of the A-model by gauge fixing fermions that 
depend on H, as we argued in Section [71 

Finally, we expect that it would be rewarding to study topological models on bi-Hermitian geometries 
from the AKSZ perspective. These have been constructed via the twisting procedure [63-66], but not all 
aspects are fully understood to date. 
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A Properties of the antibracket 



eiA,B) = eA + eB , (A.l) 

{A, B) = _(_i)(^A+i)(eB+i) ^) ^ (A.2) 

{A + B,C)^{A,C) + {B,C) , (A.3) 

(_l)(^A+i)(ec+i) (7)) _^ CYCLIC = , (A.4) 

{AB,C) = A{B,C) + {~iy^^"'+'^^{A,C)B . (A.5) 
Here G ^2 is zero when A is a bosonic object and one when A is fermionic. 

B Integrability conditions for the deformed Courant Bracket 



Written below are the component expressions for the integrabihty conditions (12. 8|) of a an almost generalized 
complex structure (12. 2p with respect to the deformed Courant bracket (|2.16p . 

SVk ._pHj ^^p\m\k] ^ /j2p™[fepblj/'l^^ + 2/c3P™['= J^pQ'lP^ (B.l) 

k4 



3 



+fc2(-2j^,p^[v';]-2j[™p*n,) 

+ 2A:4L.fc jt^^P")^'' = 



^ A; 
ij 



--3L[,,,ra]P""' + 2 [Jljj,,] + J" J'],™) + 2fciP™'= J^j^.iJ,]„p (B.3) 

+ h (2L„,[,J^;.]Q™p^ + 2J';L„[,Q"p) + k^U^Lp.R^P^ = 



+ &k2J"(,Lj\p\f\^^ + 3fc3im[feij|p|<9'"^ = 

C A-model extended action with auxiUary fields 

Below we give the action for the A-model with the auxiliary fields 7r+ and 7r_. It is the starting point for 
understanding deformations of the A-model of the kind described in section [7] 
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S = / (fai 



g^-^d+rd-^" + - .9"^^+^7r_„ (C.l) 

+ 4>l9''~^Xp - <I^9^^XP - xZ9%XfiX- - xt9%XpX- 

+ ^+ {zd+df + g^^r+xp) + (-»a_<^- + g^~^.,,r-x^) 

- y-0+X» + 9 .aXpT^+K + 9 ,auV+X-pXa J 
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